A model for steady laminar natural convection inside vertical, arbitrarily shaped isothermal ducts of constant cross section is presented. The model is based on a combination of asymptotic solutions for fully developed and developing, boundary-layer ow. The fully developed asymptote model utilizes forced convection, internal ow modeling techniques, and an approximate model is presented, which is valid for a wide range of duct shapes and aspect ratios. The model is validated using experimental data and numerical results from the literature for a variety of duct shapes, including the triangle, square, circle, rectangle and the special case of parallel plates. The model is in good agreement with all of the data, with an rms percent difference of 10% or less in most cases. 
Nomenclature

Introduction
S
TEADY natural convection inside isothermal vertical ducts of constant cross section of arbitrary shape is a fundamental problem that occurs in a variety of applications.The problem of interest, as shown in Fig. 1 , consists of a vertical duct of length L, constant perimeter P, and uniform cross-sectionalarea A. The inner wall of the duct is maintained at a uniform temperature T w , and the uid temperature at the duct inlet located at z D 0 is T 0 . Assuming that T w > T 0 , there will be a buoyancy-driven ow through the duct in the positive z direction,and convectionheat transfer will occur from the duct wall into the uid.
A number of researchers have published experimental and numerical data in the literature for various cross-sectional shapes. Elenbaas 1 presented experimental measurements for a wide variety of cross sections, including the triangular, circular, and square ducts, as well as the 2:1 and 5:1 rectangular ducts. For the circular duct Davis and Perona 2 report the results of numerical simulations, whereas Dyer 3 presents experimental data. In the case of the square duct, Ramakrishna et al. 4 present data obtained from a numerical study. The remaining studies are limited to the vertical parallel plates, such as the experimentalmeasurements of Elenbaas 5 and the numerical results of Miyatake and Fujii 6 and O and Hetherington. 7 There are three models currently available in the literature for natural convection in vertical isothermal ducts: Elenbaas, 1 Aihara, 8 and Raithby and Hollands. 9 Each of these models is applicable for noncircular ducts through the use of the hydraulic radius as the characteristic length:
However, these models are applicable only for ducts with crosssectional aspect ratio approximately equal to one; for the small aspect ratio rectangular or elliptical ducts the predictions of these models can vary signi cantly from the available empirical results. There are currently no models available for arbitrarily shaped ducts for the full range of aspect ratio from unity, that is, circular duct to zero or parallel plates.
The objective of the current study is to develop a natural convection model for the full range of the Rayleigh number for arbitrarily shaped, singly connected constant cross-section ducts over the full range of aspect ratio, 0 < ² · 1, as shown in Fig. 2 . The model will be validatedusing the available experimentaland numerical data for a variety of duct shapes, including the limiting case of the vertical parallel plates.
Problem Description
The governingequationsfor the problemof interest-naturalconvection in a vertical, isothermal duct with uniform cross sectioncan be expressed in vector notation as follows:
Continuity:
Momentum:
Energy:
with temperature difference µ D T .r/ ¡ T 0 . The boundary conditions at the inlet are
and at the duct walls
The total heat-transfer rate from the duct walls to the uid is
where the heat-transfer area is A D PL. The dimensionless heattransfer rate is characterized by the Nusselt number:
The independent variables are nondimensionalized using the Rayleigh number, de ned using the general scale length:
For the natural convection duct problem it is convenient to modify the Rayleigh number by the aspect ratio, expressed as a function of the general scale length parameter L. The resulting dimensionless parameter, sometimes called the channel Rayleigh number, is
The dimensionless duct length is de ned as the inverse of this modi ed Rayleigh number:
Review of Previous Models
Elenbaas 1 is widely regarded as the rst to study natural convection in ducts. He developed a model, validated by experimental data for a wide range of duct cross sections, based on the asymptotic solutions of fully developed and developing ow. Assuming that, for fully developed ow µ .r/ ! µ w as L ? ! 1, the following relation for the area average heat-transfer coef cient for the circular duct was obtained:
For fully developed ow in the circular duct of radius R, Elenbaas 1 reported the following Nusselt-Rayleigh number relation:
For noncircular ducts the hydraulic radius was recommended as the scale length L D r h D 2 A=P, and the relation recommendedfor fully developed ow for ducts of noncircular cross section was
where the friction factor Reynolds number product f Re rh can be obtained from forced laminar ow studies. The solution for natural convection from an isothermal vertical at was used for the developing ow asymptote L ? ! 0:
where the scale length for this asymptote is the plate height L D L. For intermediate values of the ow parameter 0 < L ? < 1, Elenbaas 1 developed the following combined relationship for arbitrarily shaped ducts:
Because Elenbaas used two different scale lengths, it was necessary for him to nd a means of combining the asymptotic results into a comprehensive model. This was accomplished by a judicious choice of the coef cients C 2 and C 3 , which must satisfy the condition
. Elenbaas obtained experimental air data for ducts with a variety of cross sections, including triangular, circular, square, rectangular with aspect ratios 2:1 and 5:1, and parallelplates. Elenbaas observed that the use of the hydraulic radius as the scale length produced a family of parallel curves for the different cross sections for small values of the independent parameter .r h =L/Ra rh < 10 and that all curves converged for large values .r h =L/Ra rh > 500. 
where the shape parameter was de ned as the friction factorReynolds number product, Ã D f Re rh . By recasting the experimental data of Elenbaas 1 in terms of N u » and .»=L/Ra » , Aihara 8 demonstrated that the data for very small and very large valuesof .»=L/Ra » approached a single curve for all duct cross sections including the parallel plates data.
Raithby and Hollands 9 proposed the following comprehensive model for arbitrary cross sections based on the Churchill and Usagi method 10 of combining asymptotic solutions:
Ra rh f Re rh´¡ for the circular duct with air cooling are in relatively close agreement, with differences in the range of 2-9%, for small and large values of the duct Rayleigh number, while a relatively large difference of up to 25% appears in the transition region.
Model Development Asymptotic Limits
This problem of fully developed ow in constant cross sections has been analyzed in the forced convection literature quite extensively, such as Shah and London. 11 Assuming negligible inertial forces, the momentum equation for an arbitrarily shaped cross section reduces to 
gives the following relationship for the axial pressure gradient:
Combining the friction factor-Reynolds number product f Re, de ned as
with Eq. (17) results in the following expressionfor the mean natural convection velocity for fully developed ow N w:
Assuming that, for fully developed ow µ .r/ ! µ w as L ? ! 1, an energy balance over the full length L of the duct gives
Nondimensionalizingusing the Nusseltnumber based on the general scale length L and combining with the mean velocity,Eq. (19), gives the following expression for the fully developed ow asymptote:
Using the hydraulic diameter D h D 4A=P as the scale length, Eq. (21) reduces to
When the square root of the cross-sectionalarea is used as the scale
Muzychka 12 demonstrated that the use of p A as the scale length is preferable because the group f Re p A is a very weak function of shape and only depends upon the aspect ratio of the duct. Table 1 shows values of the parameter f Re for both D h and p A lengthscales for the polygonal duct shapes. The variation between the triangular duct and the circular duct has been reduced to approximately 7% from 17% when p A is chosen as the characteristic length. This behavior is also evident for elongated ducts, such as the rectangular and elliptic cross sections. Table 2 shows the results for both length scales for the rectangular and elliptic ducts. Again, the variation is reduced to approximately 7% from 31%.
Muzychka 12 also showed that many other complex duct shapes are easily predicted within §10% using Eq. (24), as shown in Fig. 3 for a variety of noncircular ducts. Also included in Fig. 3 is the exact closed-form solution for the elliptic cross section, which can be used as an approximation for other duct shapes. The f Re p A for the elliptic duct is given by where E.¢/ is the complete elliptic integral of the second kind and 0:01 < ² D b=a · 1 is the aspectratio of the duct. Although E .·/ can be computed by polynomial approximations and series expansions for small and large arguments, 13 the following expression provides accurate approximations to within 0:2% for all ² > 0:001:
As shown in Tables 1 and 2 , the maximum difference between the exact values of f Re p A presented in Shah and London 11 for common duct shapes and the model is reduced from approximately17 to 7%.
The boundary-layerlimit based on the duct length as scale length given by Elenbaas 1 is is developed by combining the asymptotic solutions for fully developed and boundary-layer ow in the following manner:
Substituting the relationships from Eqs. (23) and (27) into the general expression yields 
N u p
where n ¼ 1:25 was found to minimize the rms difference of the available data when compared with the proposed model. A combination parameter, which is a function of aspect ratio, can be used to obtain greater accuracy for a wide range of duct shapes and aspect ratio. Raithby and Hollands 9 recommend values of n D 1:03 for the circular duct, n D 1:9 for the parallel plates, and n D 1:5 for noncircular shapes.
The model predictionsare shown in Fig. 4 for the full range of the independent parameter Ra p A . p A=L/ for the following polygonal shaped ducts: triangle, square, and circular. The model is clearly independent of geometry at the boundary-layerlimit, and the variation between the model curves for fully developed ow for the full range of polygonal duct shapes, 3 · N < 1, has been minimized by the use of p A as the scale length. Figure 5 shows the model predictions for the rectangular ducts having aspect ratios in the range 1¸²¸0:01, correspondingto the square duct and parallel plate channel, respectively.Once again, the model is geometricallyindependent at the boundary-layerlimit, but the changes in aspect ratio result in large variations between the model curves at the fully developed ow limit.
Model Validation
The model for the area-average Nusselt number for arbitrarily shaped, constant cross-section isothermal ducts is validated using experimental and numerical data from the literature for a range of 
In all cases the data presented in the literature were nondimensionalized based on the hydraulic radius L D r h , and the conversion factor p A=r h is shown in Table 3 . The parallel plate channel is treated as a 100:1 aspect ratio rectangularduct. In the fully developed limit of forced convection, this is a very good approximation, as demonstratedby Muzychka. 12 The data presented in the literature use the channel width W as the scale length and are recast in terms of p A using Eqs. (30) and (31) using the conversions factors given previously.
The model, Eq. (29) with n D 1:25, is compared to the available data for the polygonal ducts-the triangle, square, and circle-in Figs. 6-8 . In Fig. 6 the model is shown to be in good agreement with the experimental data of Elenbaas 1 with an rms difference of 9%. Figure 7 compares the numerical data of Ramakrishna et al. and the measurements of Elenbaas 1 with the model, where the rms percent difference between these two data sets and the model are 10 and 13%, respectively. For the circular duct, as shown in Fig. 8 , validation with the numerical data of Davis and Perona 2 and the experimental data of Dyer 3 and Elenbaas 1 shows an average rms difference between the available data and the model of 10%.
For the rectangular ducts a combination coef cient is recommended, which is a function of the aspect ratio of the duct. Based on the combination parameter value n D 2 commonly used in the literaturefor the isothermalparallelplate channel 14 and valuesof n that minimize the rms percent differencebetween the model and the data for the square and the 2:1 and 5:1 rectangular ducts, the following correlation is recommended for the combination parameter as a function of the aspect ratio: n D 1:2¯² 1 9 (32)
The model is validated with the experimental data of Elenbaas 1 for rectangular ducts of aspect ratio 2:1 and 5:1, as shown in Figs. 9 and 10, where the rms difference between the data and the model is 9 and 8%, respectively. For the limiting case of the parallel plate channel, the rectangular channel model with ² D 0:01 is compared with the experimental data of Elenbaas 5 and the numerical results of Miyatake and Fujii 6 and O and Hetherington, 7 as shown in Fig. 11 . The rms difference between the measured data of Elenbaas 5 and the model is 6%, whereas the average rms difference for the numerical results is 9%.
Conclusions
A model is developed for steady natural convection in isothermal vertical ducts of constantcross section of arbitraryshape. The model combines asymptoticsolutionsof fully developed ow and developing, boundary-layer ow into a single expression[Eq. (29)], valid for the full range of the modi ed Rayleigh number. The fully developed ow asymptote is based on forced convectioninternal ow analyses. An approximate model for the friction factor-Reynolds number product for polygonal and rectangular ducts is presented [Eq. (24)], where the elliptic integral can be approximated by Eq. (25). For rectangular or elliptic ducts with aspect ratios less than unity, a correlation of the combination parameter is provided [Eq. (32)]. The model has been validated using the available experimental and numerical data from the literature, with a typical rms difference of 10% or less.
